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Abstract – Gate volume is an integral part of many algorithms
for non-parametric target tracking in clutter. Non-parametric tar-
get tracking assumes no a-priori knowledge of clutter measure-
ment density. In the simplest case of a single-target single-state
target tracking filter employing a Gaussian approximation, the
gate is a hyper-ellipsoid whose volume can be calculated analyti-
cally. However, in a multi-target environment with closely spaced
targets or in single target tracking with a mixture Gaussian ap-
proximation, the gate consists of overlapping hyper-ellipsoids and
analytical evaluation of the gate volume is not possible. This pa-
per presents a general algorithm for approximate estimation of
volume of overlapping gates, together with tradeoffs between com-
puting resources, volume estimation errors and its effects on target
tracking performance.

Keywords: target tracking, data association, gate calculation,
false track discrimination, particle filters

1 Introduction

Data association algorithms deal with situations where
there are measurements of uncertain origin. In many radar
and sonar applications, for example, measurements (detec-
tions) originate not only from targets being tracked, but also
from thermal noise as well as from various objects such
as terrain, clouds etc. Unwanted measurements are usually
termed clutter. Furthermore, true measurements from the
target are present during each measurement scan with only
a certain probability of detection, PD. In a multi target sit-
uation, the measurements may have originated from one of
several targets. Targets may also enter and leave the surveil-
lance region at any time, so that at any given moment the
number of targets in the surveillance area is unknown.

Optimal tracking in this environment requires one hy-
pothesis for every possible measurement sequence to tar-
get assignment, including a null measurement to cater for
the possibility that the target was not detected or that
its measurement was not selected. Assuming that the
measurement-target associations form a mutually exclusive
and exhaustive set of events, as we will in this paper, the op-
timal filter cannot be implemented in practice as the number
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of hypotheses grows exponentially in time. Instead, vari-
ous sub-optimal data association algorithms have been pro-
posed. The most well-known of these methods is the prob-
abilistic data association filter (PDAF) [4] which combines
hypotheses from a single scan to produce a Gaussian ap-
proximation to the posterior distribution of the target state.
The PDAF is surprisingly robust but tends to lose tracks
once the clutter density increases above a certain level. Un-
der these conditions a robust generalization of the PDAF in
which association hypotheses from multiple scans are com-
bined into a single Gaussian distribution [22] or a approx-
imation of the posterior distribution by a Gaussian mixture
[20] can be useful. Recently, particle filters have emerged
as a potentially useful tool in target tracking. Particle filters
approximate the posterior distribution of the target state by
a set of random samples with associated weights [6]. The
application of particle filters to target tracking problems has
been investigated in, for instance, [1, 2, 8, 10, 11, 12, 13].

Gating, [3, 5] or measurement selection, is a necessary
part of target tracking in clutter. The purpose of gating is
to reduce computational expense by eliminating from con-
sideration measurements which are far from the predicted
measurement location. Gating is performed for each track
at each scan by defining an area of surveillance space which
is called the gate. All measurements positioned in the gate
are selected and used for the track update while measure-
ments not positioned in the gate are ignored for the purpose
of the track update. The gate is usually formed in such a
way that the probability of a target-originated measurement
falling within the gate, provided that the target exists and is
detected, is given by a gating probability PG which can be
evaluated from the available track statistics. Since the size
or volume of the gate is dependent on the tracking accuracy
it therefore varies from scan to scan and from track to track.

In many target tracking filters, the gate volume is used
to measure clutter density which in turn is required to de-
termine data association probabilities and the track quality
measure. Computation of the gate volume is straightfor-
ward in the case of single target tracking filters which em-
ploy a Gaussian approximation, such as the PDAF. How-
ever, for single target tracking filters which approximate the
posterior distribution by a Gaussian mixture or a set of par-
ticles, the gate is a union of overlapping hyper-ellipsoids.
This applies even more generally to multi-target tracking



since, even if a Gaussian approximation is used, as in Joint
PDAF (JPDAF) [3], the gating regions of targets in close
proximity will overlap. Data association therefore requires
computation of the volume of a region composed of sev-
eral overlapping hyperellipsoids. No closed-form expres-
sion exists for this problem.

Several approaches have been suggested in the literature
for overcoming this problem. In [3], the whole surveil-
lance area was used in the derivation of the JPDAF. In [23],
the volume of the overlapping hyperellipsoids was approx-
imated by the volume of the largest individual gate. A sim-
ilar approach was used in [9], except in that case the gating
region was reduced to that of the largest individual gate. A
Gaussian approximation was used to reduce the set of over-
lapping hyperellipsoids to a single hyperellipsoid in [24]. In
all of the cited examples no attempt was made to estimate
the volume of the actual gate. To the best of the authors’
knowledge, the only attempt to estimate the volume of the
overlapping ellipsoid gate was made in [15] where the num-
ber of measurements shared between gates was used as a
measure of overlap between gates. In this paper we con-
sider two methods for estimating the gate volume. The first
is a naive Monte Carlo estimator which generates samples
in a region bounding the gate and counts the proportion of
samples falling within the gate. The second is based on the
approach of [15]. The main difference is that we use not
only existing measurements but also additional randomly
generated points to to increase estimation accuracy of the
overlap. This is seen to be particularly important in particle
filter implementations. The performances of the two gate
volume estimators are compared for a simple example.

The paper layout is as follows. Section 2 presents a brief
overview of simple and complex gating schemes. The gate
volume estimators are presented and compared in Section 3.
Simulation results evaluating the performance of the over-
lap volume estimator in terms of its effect on tracking per-
formance are given in Section 4. Two examples are con-
sidered. The first is single target tracking in clutter using a
particle filter. The second is multi-target tracking using the
JPDAF. Conclusions are drawn in Section 5.

2 Gating

For each track, gating involves finding a minimum volume
of space which contains the target measurements, (condi-
tioned on the target existence and detection) with a given
probability PG. The main objective is to reduce the size of
the measurement set that the tracking filter needs to process
and thus to limit computational requirements. In a non-
uniform clutter environment a fringe benefit of gating is
to limit the clutter measurement density fluctuations within
the gate.

The use of gate volume in data association and track
quality evaluation can be illustrated using the integrated
PDAF (IPDAF) [18]. The probability of target existence
update and data association probabilities are computed us-

ing:
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where, at scan k, Vk denotes the gate volume, mk denotes
the number of validated measurements, m̂k denotes the ex-
pected number of selected clutter measurements, pj de-
notes a-priori probability density function (pdf) of measure-
ment j, ψk|k−1 and ψk|k denote the a-priori and a-posteriori
probability of target existence respectively, and βk,0 and
βk,j denote data association probabilities of the null mea-
surement and measurement j respectively. Gate volume is
used in a similar fashion by other target tracking algorithms.

Since the IPDAF commonly employs a Gaussian approx-
imation, the IPDAF gate is a single hyper-ellipsoid. For
measurements zk ∈ R

nz , assume that the a-priori measure-
ment pdf of a track can be described by a Gaussian pdf
p(zk|z

k−1) = N(zk; ẑk, Sk), where

N(z;µ,Σ) = exp{−(z − µ)′Σ−1(z − µ)/2}
/

√

|2πΣ|

and zk−1 = (z1, . . . , zk−1) denotes the measurement his-
tory to time k − 1. The gating region G is then defined
as

G = {z ∈ R
nz | (z − ẑk)

′
S−1

k (z − ẑk) ≤ g2} (4)

and the gate volume is given by

Vk = c (nz)
∣

∣g2Sk

∣

∣

1/2
(5)

where c(nz) = πnz/2/Γ(nz/2 + 1) is the volume of a
unit radius nz-dimensional unit hypersphere [3]. The sim-
ple gate, as defined by (4) and (5) is used by a class of
single-target tracking filters based on PDA; eg. PDAF [4]
and IPDAF [18]. The threshold g2 is selected in order to
give a specified gating probability PG [4].

In general however, the gate may consist of union of
overlapping simple gates, which we call the complex gate,
i.e., we consider a gating region

G =

n
⋃

i=1

Gi (6)

where Gi, i = 1, . . . , n is a gate of the type shown in (4).
If, Gi1 ∪ Gi2 6= ∅, i.e., there is overlap between individual
gates, then

VG 6=
n
∑

i=1

VGi

where VA denotes the volume contained in the region of
space defined by A. In such cases the volume VG of a com-
plex gate cannot be found in closed-form. This is a common
occurrence in the following scenarios:



• the track consists of a number of components and each
component creates a simple gate; eg. integrated track split
(ITS) filter [17], particle filter [13],
• the tracker includes multiple model based estimation

algorithm in order to track maneuvering targets, and each
model creates a simple gate, eg. IPDA-IMM [14, 24],

• multi-target tracking filter based tracks share selected
measurement(s), in which case the complex gate is called
the cluster; eg. JPDAF [3], joint IPDAF (JIPDAF) [15],
• A combination of the above.
The complex gate can be a union of identical simple

gates, eg. particle filter based target tracking algorithms,
similarly sized simple gates, eg. ITS, or very differently
sized simple gates, eg. JIPDA. The number of simple gates
varies from relatively few, eg. JIPDA, to the order of tens,
eg. ITS, to the order of hundreds, eg. particle filter.

3 Gate Volume Estimation
The gating region G is assumed to be composed of n pos-
sibly overlapping regions G1, . . . , Gn as shown in (6). As
discussed above, accurate estimation of the volume VG of
the gating region is required for target tracking. Two pos-
sible estimators will be presented and compared in the fol-
lowing sections.

3.1 Naive Monte Carlo estimation

We consider first a simple Monte Carlo (MC) volume esti-
mator. Let B denote the region of measurement space oc-
cupied by the smallest hyper-rectangle for which Gi ⊂ B,
i = 1, . . . , n. The volume ofB is denoted as VB . The naive
Monte Carlo estimator places random samples uniformly in
B and estimates VG by the proportion of samples which fall
inside G. The volume of G can then be estimated as

V̂G =
VB

s

s
∑

t=1

χG(ut) (7)

where ut ∼ UB , t = 1, . . . , s with UB denoting the den-
sity of a random variable uniformly distributed over B, i.e.,
UB(z) = χB(z)/VB and χA(z) = 1 if z ∈ A and zero
otherwise and s denotes the number of random samples.

It is shown in Appendix A that E V̂G = VG and
var(V̂G) = VG(VB − VG)/s so that V̂G is and unbiased
and consistent (in the number s of Monte Carlo realisations)
estimator of V . The variance expression is intuitively ap-
pealing since it confirms the obvious supposition that the
accuracy of the estimator should improve as the bounding
region B provides a closer approximation to the gating re-
gion G.

3.2 Overlap Monte Carlo estimator

The second estimator, first proposed in [15], takes advan-
tage of the particulate nature of the gating region. Since we
know the volume of each individual gate the unknown fac-
tor required for determination of the total gate volume is the
amount of overlap between the individual gates. Overlap
can be estimated by placing samples in the gating region

and noting the number of individual gates which contain
each sample. This results in the estimator

ṼG =

n
∑

i=1

VG(i)

s
∑

t=1

χG(ut)

/

s
∑

t=1

n
∑

i=1

χG(i)(ut) (8)

where G(i), i = 1, . . . , n denotes the simple gate i. If
s is small, as would be desired in practice, and the vol-
ume of one of the individual gates far exceeds that of the
others, it may be necessary to use the modified estimator
max(Vmax, ṼG) where

Vmax = max
i=1,...,n

VG(i) (9)

Note that the samples u1, . . . , us need not all be artificially
generated since, if the clutter is uniformly distributed, exist-
ing measurements can be used as in [15]. This approach has
produced good results although it should be kept in mind
that the measurement set also contains a target measure-
ment which is not uniformly distributed.

3.3 Comparison of the volume estimators

A simple test case is used to give an idea of the behaviour
of the two volume estimators. We consider a 2-dimensional
measurement space in which the gating region is composed
of two circular regions. One circle is located, in Cartesian
coordinates, at (5, 5) and has radius 5. The location and
radius are varied in order to examine the properties of the
two estimators.

In the first experiment the radius of the second gate is
fixed to 5, the same as that of the first circle, and the gate
is centred at (x, 5) with x varied between 5 and 15. Note
that x = 5 corresponds to complete overlap and x = 15
corresponds to zero overlap. The variances of the volume
estimators for s = 25 are estimated using 10 000 realisa-
tions for each value of x. Note that although an expres-
sion for the variance of V̂G has been derived it cannot be
used for our present purposes as it depends on the unknown
value of VG. The estimated standard deviations normalised
by the gate volume are plotted against x-position in Figure
1. The superior accuracy of ṼG compared to V̂G is clearly
evident, particularly when there is large amount of over-
lap between the circular regions or when there is almost no
overlap. The behaviour of V̂G confirms the analysis of Ap-
pendix A which gives the normalised standard deviation of
V̂k as

std(V̂G)/VG =
√

(VB/VG − 1)/s (10)

In the current example, it can be verified that the ratio
VB/VG is minimised for x = 10 and increases monoton-
ically with |x − 10|. This gives rise to the curve shown in
Figure 1.

In the second experiment the location of the centre of the
second gate is fixed at (5,10) and the radius is varied be-
tween 0 and 10. For each radius, 10 000 realisations are
used to estimate the variances of the volume estimators.
The results are shown in Figure 2. Once again the over-
lap MC estimator is seen to be superior to the naive MC
estimator. The normalised standard deviation of the naive
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Fig. 1: Normalised standard deviation of the naive esti-
mator (dashed) and the overlap estimator (solid) plotted
against the x-position of the second gate. The first gate is
at x = 5. Both gates have radius 5.

MC estimator approaches that of the overlap MC estimator
when the radii of the two gating regions are approximately
equal. However, when the radii of the two gates are consid-
erably different the overlap MC estimator is significantly
more accurate than the naive MC estimator. As shown in
(10), the behaviour of the naive MC estimator is a direct
result of the variations of VB/VG with the radius of the sec-
ond gate.
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Fig. 2: Normalised standard deviation of the naive esti-
mator (dashed) and the overlap estimator (solid) plotted
against the radius of the second gate. The first gate has
radius 5. Both gates are centred at (5,5).

The superior performance of the overlap estimator can
be attributed to the fact that this estimator uses the avail-
able information on the structure of the gating region and
the volume of the individual gates. By not using this infor-
mation the naive volume estimator sacrifices performance
for generality.

4 Simulation Study
4.1 Volume estimation for particle filtering
A useful application of the volume estimators proposed in
Section 3 is in target tracking using particle filters. The is-
sue of developing appropriate windowing methods for tar-
get tracking using particle filtering has not been addressed

in the literature. In [13] windows of constant radius were
used. This is not ideal since the window dimensions must
be chosen to give approximately unity gating probability at
all times. This results in the gate being larger than necessary
for much of the time. The method proposed here modifies
the gate size according to the tracking accuracy therefore
decreasing the number of validated measurements. The use
of the volume estimation techniques in particle filtering is
demonstrated in the following scenario involving nonlinear
target measurements and clutter.

Consider a target moving in the plane with state xk =
(ξk, ξ̇k, ζk, ζ̇k)′ ∈ R

4, where ξk and ζk denote, respectively,
x and y position, which evolves according to the stochastic
difference equation

xk = Fxk−1 + vk, k = 1, 2, . . . , (11)

where {vk ∼ N(0, Q)} is white and

F = I2 ⊗

(

1 T
0 1

)

(12)

with Ip denoting the p × p identity matrix, ⊗ denoting
the Kronecker product and T denoting the sampling pe-
riod. The initial state x0 ∼ π0 is independent of {vk}.
At each time step a collection of mk measurements zk =
{zk,1, . . . , zk,mk

} containing clutter measurements and, if
detected, a target measurement is obtained. Association hy-
potheses θk,0, . . . , θk,mk

define the origin of each measure-
ment. Under θk,j , j ∈ {1, . . . ,mk} the jth measurement
originates from the target and satisfies, for k = 1, 2, . . .,

zk,j = h(xk) + ek

=

( √

ξ2k + ζ2
k

arctan(ζk/ξk) + πχ(−∞,0)(ξk)

)

+ ek, (13)

where {ek ∼ N(0, R)} is white and independent of {vk}
and x0. The remaining measurements are due to clutter
which is uniformly distributed in the measurement space
with the number of clutter points falling in a region of vol-
ume V assumed to follow a Poisson distribution with un-
known mean λV . Under θk,0 all measurements are due to
clutter.

We now develop a particle filter for target tracking in the
scenario described above. We use a simple implementation,
the bootstrap filter [7], since our focus is on demonstrating
the usefulness of the volume estimation techniques. The
volume estimators are also applicable to more sophisticated
techniques, the use of which would provide improved per-
formance with significant improvements under some con-
ditions.

Assume that the posterior distribution at time k−1 is rep-
resented by a set of particles x1

k−1, . . . , x
n
k−1 with weights

w1
k−1, . . . , w

n
k−1. The bootstrap filter first predicts forward

each particle by simulating the stochastic difference equa-
tion which the target dynamics are assumed to obey:

xi
k ∼ N(Fxi

k−1, Q), i = 1, . . . , n. (14)

The particle weights are then updated using the likelihood.
This is where the windowing procedure is used to reduce



the computational load of the algorithm. The location of
the predicted target measurement obeys

p(zk|z
k−1) =

∫

p(zk|xk)p(xk|z
k−1) dxk

=
n
∑

i=1

wi
k−1N(zk;h(xi

k), R) (15)

The gate is therefore given by (6) with

Gi = {z ∈ Ωz|(z − h(xi
k))′R−1(z − h(xi

k)) < g2} (16)

where Ωz = [0,∞) × [−π, π) and g2 is determined by the
pre-defined gating probability PG [4]. Let

J = {j ∈ {1, . . . ,mk}|zk,j ∈ G} (17)

denote the indices of the validated measurements and lk de-
note the number of validated measurements. The weight
update can then be computed as, for i = 1, . . . , n,

wi
k = wi

k−1ψ
i
k

/

n
∑

t=1

wt
k−1ψ

t
k (18)

where

ψi
k = 1 − PDPG +

PDPGṼk

lk − PDPG

∑

j∈J

N(zk,j ;h(x
i
k), R)

(19)
with Ṽk denoting the overlap gate volume estimator of (8).
Note that we consider only the overlap volume estimator
for reasons demonstrated in Section 3.3.

It is also necessary to perform resampling of the parti-
cle set every few scans [7]. In the simplest terms, this in-
volves removing insignificantly weighted particles by sam-
pling with replacement from the particle set according to
the particle weights. Resampling prevents the occurrence
of sample degeneracy.

A simple alternative to the gating scheme used here is
to apply a Gaussian approximation to (15), in the spirit of
[24]. It is worthwhile examining the performance of this
approximation as it is computationally simpler, in terms
of both gating and gate volume computation, than an ap-
proach based on n individual gates. Approximating (15) by
a Gaussian distribution with the same mean and covariance
matrix gives

p̂(zk|z
k−1) = N(zk; ẑk, Ŝk) (20)

where

ẑk =

n
∑

i=1

wi
k−1h(x

i
k) (21)

Ŝk = R+
n
∑

i=1

wi
k−1h(x

i
k)h(xi

k)′ − ẑkẑ
′
k (22)

A simple gating scheme can then be used to find validated
measurements, compute the gate volume and compute the
likelihood as in (19). This scheme will be referred to as the
Gaussian gating scheme. As a useful benchmark, we also

consider the performance of the standard tracking algorithm
the PDA-EKF which follows the formulation of [4] with the
Kalman filter recursion replaced by an extended Kalman
filter recursion.

Track loss percentages are used to assess the competing
algorithms. A target track is deemed lost if, in five consecu-
tive scans, the error in the estimated target position exceeds
a threshold. Two sets of simulations are considered. In the
first set of simulations we investigate the effect on track-
ing performance of the gate volume estimation accuracy.
The second set of simulations compares the proposed gat-
ing method with the Gaussian gating method as a function
of the number of particles. The model parameters are as
follows for both sets of simulations. The distribution of the
initial target state is π0 = N(x̂0, P0) with

x̂0 = (75,−5, 75, 8)′

P0 = diag(100, 5, 100, 5) (23)

The process noise and measurement noise covariance ma-
trices are set to

Q = I2 ⊗ q

(

T 3/3 T 2/2
T 2/2 T

)

(24)

R = diag(25, (π/180)2) (25)

with q = 1/8. The clutter density is set to λ = 1/6/(m ·
rad). The detection probability PD = 0.7 and the gating
probability PG = 0.9999. For each set of parameters used
here, 2500 realisations of length 60 time steps are used to
compute track loss percentages.

Figures 3 and 4 shows the track loss percentage of the
bootstrap filter using the proposed gating scheme with gate
volume estimated using the overlap method plotted against
the number s of MC realisations. Figure 3 shows results for
n = 200 particles and Figure 4 shows results for n = 500
particles. The performances of the bootstrap filter with the
Gaussian gating method and the PDA-EKF are also shown.
It appears that, in this example, selecting s = 20 provides a
reasonable trade-off between computational efficiency and
performance as only small decreases in the track loss per-
centage are achieved by using larger values of s. As few
as s = 10 MC realisations suffice for the proposed gating
scheme to outperform the Gaussian gating scheme. It is re-
assuring to find that the required value of s is seemingly
independent of the number of particles. Trials with a larger
number of particles would be required to verify this.

Track loss percentages for bootstrap filtering with the
proposed gating scheme and the Gaussian approximation
scheme are plotted against the number n of particles in Fig-
ure 5. 50 MC realisations are used to estimate the gate vol-
ume in the proposed gating scheme. There are two points
of interest. Firstly, it is clear that, for any given number
of particles, the proposed gating scheme outperforms the
Gaussian gating scheme. Secondly, the performance of the
Gaussian gating scheme does not approach that of the pro-
posed gating scheme as n increases. In fact, the difference
between the performances of the two algorithms seems to
increase slightly as n increases. These improvements can
be attributed to the fact that the proposed gating scheme
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Fig. 3: Track loss percentage of bootstrap filter with pro-
posed gating scheme (solid) plotted against number of MC
realisations used in gate volume estimation. Results are
shown for n = 200 particles. The performances of the
PDA-EKF and bootstrap filter with Gaussian gating scheme
are indicated by a dotted line and dashed line, respectively.
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Fig. 4: Track loss percentage of bootstrap filter with pro-
posed gating scheme plotted against number of MC realisa-
tions used in gate volume estimation. Results are shown for
n = 500 particles. The performances of the PDA-EKF and
bootstrap filter with Gaussian gating scheme are indicated
by a dotted line and dashed line, respectively.

mirrors the multi-modal nature of the posterior distribution.
The Gaussian gating scheme tends to ignore modes which
are distant from the predicted measurement location.

The improved performance of the proposed gating
scheme compared to the Gaussian gating scheme comes at
the expense of a significantly larger number of computa-
tions. In the current example, the bootstrap filter with the
proposed gating scheme has about 1.4 times the compu-
tational expense of the bootstrap filter with the Gaussian
gating scheme. The main computational expense of the
proposed gating method seems to be incurred in deciding
which gates a each measurement belongs to. A possible
direction for future research is to look at reducing this ex-
pense by looking at approximate, computationally simple
methods of deciding whether a particular point in space is
enclosed by a given hyperellipsoid.

4.2 Multi-target tracking using the JPDAF

We consider r targets with state of the ith target denoted as
xi,k, i = 1, . . . , r. The target states satisfy the stochastic
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Fig. 5: Track loss percentage of bootstrap filter with pro-
posed gating scheme (solid) and Gaussian gating scheme
(dashed) plotted against number of particles. s = 50 real-
izations are used to estimate the gate volume. The perfor-
mance of the PDA-EKF is indicated by a dotted line.

difference equations

xi,k = Fxi,k−1 + vi,k, k = 1, 2, . . . ,

where F is given in (12) and {vi,k ∼ N(0, Qi)} are white
and mutually independent. The initial states xi,0 ∼ πi,0

are independent of the processes {vi,k}. Measurements of
target position are made in Cartesian coordinates with mea-
surement noise {ek ∼ N(0, R)} independent of {vi,k} and
xi,0, i = 1, . . . , r. The clutter assumptions are the same as
Section 4.1.

The JPDAF, formulated in [3], can be used to obtain es-
timates of the state of each target. Since the JPDAF ap-
proximates the posterior distribution of each target state by
a Gaussian distribution, the gating region is comprised of
r hyperellipsoids, one for each target. A complex gating
scheme arises only when the targets are sufficiently close
for some of the individual gates to overlap. In this set of
simulations we examine the use of the overlap gate volume
estimator in such situations. The particular scenario un-
der consideration contains r = 3 targets. The initial target
states are xi,0 ∼ N(x̂i,0, P0), i = 1, 2, 3 where

x̂i,0 = (100, 10, 450 − 25ui, 2u− ui)′

P0 = I2 ⊗ 25

(

1 1
1 2

)

The parameter u is referred to as the relative target veloc-
ity in the y-direction. This controls the amount of time the
targets are in close proximity with small values of u result-
ing in the targets being close for a large amount of time.
Note that, in the absence of process noise, this model re-
sults in the targets meeting at time k = 25. The addition
of Gaussian process noise with covariance matrix given by
(24) with q = 1/200 will slightly modify the location of
this crossing point. The measurement noise covariance ma-
trix is R = 25I2. The detection probability PD = 0.8 and
the gating probability PG = 0.999. The clutter density is
set to λ = 1 × 10−4/m2. As in the Section 4.1 perfor-
mance is assessed using the percentage of tracks lost as a
performance metric.



Table 1: Track loss percentages for the JPDAF using the
proposed gating scheme with s̄ additional MC realisations
used to estimate the gate volume.

s̄ Relative target velocity u
3 4 5

0 15.8 16.6 16.6
5 16.6 16.6 16.6
10 16.6 16.2 16.6

The gate volume is estimated using (8) with existing
measurements used in addition to uniformly generated sam-
ples. The number of additional samples generated is de-
noted as s̄. Note that the use of existing measurements
inevitably results in target-originated measurements being
used in gate volume estimation since there is no way to dis-
tinguish between clutter and target measurements. Table 1
shows the track loss percentages for various values of rel-
ative velocity u and s̄. Note that s̄ = 0 corresponds to
gate volume estimation using only existing measurements.
500 realisations of 50 time steps each were used to generate
these results. The results show that the generation of uni-
formly distributed samples for gate volume estimation is
unnecessary as sufficient volume estimation accuracy can
be obtained from the existing measurements. For the clut-
ter density used here there are usually one, sometimes two,
clutter measurements in an individual target gate. This
is considerably different from the situation encountered in
Section 4.1 where it was demonstrated that, for single tar-
get tracking using a particle filter, performance improves
significantly as the number s of MC realisations used in
the gate volume estimation is increased from 1 to 20. For
s > 20, performance improvements are not as dramatic but
are still appreciable. The difference in behaviour between
the two examples can be attributed to the vastly different
numbers of individual gates comprising the gating region
in each case. In the case of multi-target tracking using the
JPDAF there are at most three hyperellipsoids in the present
example while in the particle filtering example there are
typically hundreds of hyperellipsoids. This increased num-
ber of hyperellipsoids greatly increases the complexity of
the gating region therefore necessitating the use of a larger
number of MC realisations in the gate volume estimation.

5 Conclusions
Measurement selection or gating is an integral part of the
vast majority of target tracking algorithms. The volume of
the selection space or gate is part of data association and
track quality calculations. However, except for a class of
single-target, single scan, non- maneuvering target tracking
filters, the exact formula for gate volume calculation does
not exist in a closed form.

An efficient approximation for complex gate volume is
presented in this paper, as well as complexity/tracking filter
capabilities tradeoff. Approximation of the gate volume is
performed using a Monte Carlo approximation. In the con-
text of single target tracking in clutter using a particle filter
it was shown that good performance can be obtained us-
ing a relatively small number of Monte Carlo realisations.

For multi-target tracking using the joint probabilistic data
association filter it was shown that, in the given example,
gate volume estimation can be performed using the exist-
ing data. The use of additional Monte Carlo realisations
provides no improvement in tracking performance.

A Properties of naive Monte Carlo estimator
The expectation of the naive Monte Carlo estimator can be
written as

EV̂G = VB/s

s
∑

t=1

∫

χG(ut)

s
∏

j=1

{χB(uj) duj/VB} (26)

Since
∫

χG(ut)χB(uj) duj =

{

VB ; j 6= t
VG; j = t

(27)

we have

EV̂G = VB/s
s
∑

t=1

VGV
s−1
B /V s

B

= VG (28)

as required.
The second-order moment of V̂G is

E(V̂G)2 = V 2
B/s

2
s
∑

t1=1

s
∑

t2=1

∫

χG(ut1)χG(ut2)

×
s
∏

j=1

{χB(uj) duj/VB} (29)

Eq. (29) is composed of s terms of the form

∫

χG(ut)
s
∏

j=1

{χB(uj) duj} = VGV
s−1
B (30)

and s(s− 1) terms of the form

∫

χG(ut1)χG(ut2)

s
∏

j=1

{χB(uj) duj} = V 2
GV

s−2
B (31)

Substituting into (29) gives

E(V̂G)2 = V 2
B/s

2
(

sVG/VB + s(s− 1)V 2
G/V

2
B

)

= V 2
G + VG(VB − VG)/s (32)

The variance of V̂G is then found as

var(V̂G) = E(V̂G)2 − (EV̂G)2 = VG(VB − VG)/s (33)
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