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Abstract — An adaptive tracking filter for maneuvering targets
is developed. The approach is based on matched filtering of the
innovations sequence. Analytical solutions based on the invari-
ant subspace method for time-invariant kinematic models along
with the corresponding steady-state Kalman filter kernels are de-
rived. Asymptotic and finite-memory operating characteristicsare
deduced. The proposed adaptive tracking filter is compared to the
interacting multiple model filter based on simulation results.
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1 Introduction

Tracking of maneuvering targets requires adaptive estima-
tion techniques since the corresponding system models are
partially unknown and possibly time varying. Numerous
techniques have been developed to deal with this estima-
tion problem containing both stochastic uncertainties and
unknown deterministic inputs [1]. These methods can be
categorized into four types of approaches, i.e., single fil-
ter reactive adaption, variable dimension filtering, cascaded
filtering, and multiple model filtering [2]. Adaptive tar-
get tracking algorithms often exploit the properties of the
zero-mean white-noise innovations sequence. The single
filter reactive adaption approach employs the innovations
sequence for maneuver detection and reactive filter param-
eter adjustment. In the case of multiple model filtering [1],
[3], [4] and a so interacting multiple model filtering [1], [5],
the mode likelihood functions are determined by the inno-
vations probability density function (pdf) of mode-matched
filters.

In the sequel, an approach to adaptive Kalman filtering
based on matched filtering of the innovations sequence will
be presented. The approach provides a general maneuver
detection method which can be combined with severa ex-
isting adaptive target tracking algorithms. Analytical solu-
tions are derived for time-invariant kinematic models along
with the corresponding steady-state Kalman filter kernels.
Furthermore, finite-memory and asymptotic operation char-
acteristics of the proposed adaptive tracking algorithm are
deduced.

2 State-space representation
The state-space representation

N
2
of ageneral discrete-time dynamic system with state vector
x, € RN, deterministic input uy,, system noise wy,, mea-
surement vector y,, € RM | and measurement noise v, will
be considered. The matrices A € RV*N, H ¢ RM*N
and vectors b, g € RY aretime-invariant. The zero-mean
white-noiseprocessesw;, and vy, are uncorrelated with each
other and uncorrelated with theinitial state z, i.e,
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3 Innovations sequence impulse response

For matched filtering of the innovations sequence

Tpr1 = Az + buy, + gwy,
Y = Hmk + vy,

)

sk =y, — Hppp 4)
the impul se response
hi := sk, up =k, wp =0, vp, =0 ®)

has to be determined. With o = 0, the state sequence
xj, and the measurement sequence y,, can be recursively
computed according to (1), (2), i.e,

x,=A"b, y, = HA" b, k> 1. (6)
For determination of the predicted state estimate
Tp 1= Tpp—1 (7)

we assume that the pair { A, H} is completely observable
and {A, Q'/*} with

Q=Q'"°Q"* =0l gg" ®
is completely controllable, i.e.,
H
rank HA =N, (9)
HAN71
rank [Q1/2 AQ1/2 AN—1Q1/2] =N. (10)



Then, the algebraic Riccati equation
P=APAYQ-APH'(HPH%“R) 'HPA" (11)

has a unique positive-definite solution P which determines
the innovations covariance matrix

S=HPH'+R (12)
and the steady-state Kalman gain [1]
K=PH'S'. (13)

A nonrecursive algebraic solution for the nonlinear
discrete-time Riccati equation (11) can be constructed
based on the invariant subspace method [6]. For a nonsin-
gular! state transition matrix A, (11) can be rewritten as

P
U’—HAIL}:m (14)
where
At A'Q
M=|_g"R'HA™" ATy HTR_IHA_IQ} (15)

holds. With the above assumption, that {A, H} is com-
pletely observable and {A, Q'/?} is completely control-
lable, the unique positive-definite solution of (11) is given
by
P=UV!, (16)
wherethe N x N matricesU, V form abasisfor the stable
eigenspace of the 2N x 2N symplectic matrix M, i.e,,
mly] =[]

V|~ v (17)

where the eigenvalues of the N x N matrix A are located
strictly inside the unit disc. Note that if A denotes any
eigenvalue of the symplectic matrix M, then 1/\* is also
an eigenvalue of M. Furthermore, A # 0 and |A| # 1
hold, so that the spectrum of M contains exactly n nonzero
eigenvalues, counting multiplicity, strictly inside the unit
disc. Numerical difficulties caused by multiple eigenvalues
of M can be solved by Schur triangularization of M, i.e.,

Uy Ul ,, [Un U Si1 S
M = , (18
[Um UJ [Um Um} [0 U@} (18)

since{U,V} and{U 1, U} spanthesameinvariant sub-
space, sothat P = U1, U,;* holds. The solution P of the
discrete-time Riccati recursion (11) defines the steady-state
Kaman gain K according to (13) so that the predicted state
estimate &, can be recursively computed as
Tpr1 = Apr + Kpyy, k>0, (19)
where
A,=A(I-KH), K, =AK, &, =0 (20)

holds. The impulse response h;, according to (5) is now
completely defined by the measurement sequence y,, (6)
and the predicted state estimate &, (19).

The case of singular A can also be solved by the invariant
subspace method and leads to a generalized eigenvalue problem
[6].
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Fig. 1: a-B-filter coefficients fort0—2 < X < 10°.

3.1 Second-order kinematic model

The state-space representation (1), (2) of a second-order
kinematic model driven by a piecewise constant white-
noise acceleration process will be considered, i.e.,

a=|! ﬂ,bzﬁ], (21)

g= {%;‘2} CH=1 0], (22)

el A
2

R=E[}] =02 (24)

Note that the given choice éfcorresponds to a jump,, of

the velocity component af,. Since analytical solutions for

the steady-state Kalman gain and the innovations variance
exist, the innovations sequence impulse response (5) can be
immediately obtained. With the maneuvering index [1]

Ow

A= 2T7? (25)

Oy

the steady-state Kalman gain and the innovations variance
are given by

k=[] o= (26)

where
a:-é(A%gA-(AM)M), (27)
f= 0 41 AVA T8N (28)

holds [1]. Fig. 1 depicts the steady-state Kalman gain coef-
ficientsa andg for 1073 < X < 103. The state and mea-
surement sequences according to (6) are readily obtained:

xp = AF1p = {(k _11)T] 7

Yo =Hzy=(k—1)T, k>1.

(29)
(30)
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Fig. 2: Innovations sequence impulse response of the a-3-
filter for some values of the maneuvering index M.

The unilateral z-transform of the recursion (19) for the pre-
dicted state estimate X (z) = Z{&;,} leadsto
Z{xr} = (1 - Ap) T KpZ{yi} (31)

where
T

o2 (32

Z{yr} =

holds. Hence, the unilateral z-transform of the innovations
sequence impulse response (5) is given by

T
Z{hy} = . 33
{he} 2Z24+zla+B8-2)+(1—a) (33)
The partial fraction decomposition
Z{hk} _ C1 + Co (34)
T Z = Zoo,1 Z = Z00,2
with the poles of Z{h;}
2
1= 250 [(28) -5
2 2
and coefficients
1
Cl = —Cy = (36)
Z00,1 T Z00,2
leads to the innovations sequence impul se response
— =9 ’ 37
T {clzg;;; fetl k>t O

Fig. 2 shows hy, /T for some values of the maneuveringin-
dex A. Notethat hy /T = 0 and ho/T = 1 holds irrespec-
tive of \.
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Fig. 3: a-B-y-filter coefficientsfor 1072 < X < 10°.
3.2 Third-order kinematic model
The state-space representation (1), (2) with
1 T iT? 0
A=|0 1 T |,b=|0], (38)
0 0 1 1
1
Ea
=T |,H=[1 0 0], (39)
L1 ]
. it irs 172
Q =Elwigg'l =0y, |3T° T* T |, (40)
irr T 1
R=Epi] =02, (41)

corresponds to a third-order kinematic model with piece-
wise constant Wiener process acceleration model. The
given choice of b corresponds to a jump u, of the accel-
eration component of x . With the maneuvering index (25)
the steady-state Kalman gain and the innovations variance

are given by
(6] 0_2
K=| BT | of=7"—, (42)
—
v/ (2T?)
where
a=1-5% =2(1-5)% v=2Xs (43)
holds[1]. The parameter s obeys the cubic equation
2+ (V2-3)s"+(A\/2+3)s—1=0 (44)

which can be solved for an appropriateroot 0 < s < 1 by
analytical or numerical means. Fig. 3 depicts the steady-
state Kalman gain coefficients o, 3, v for 1073 < X\ < 103,
The state and measurement segquences according to (6) are
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Fig. 4: Innovations sequence impulse response of the a-3-
~-filter for some values of the maneuvering index \.

given by
Lk —1)°T?
z, = AFb = [ (k—1)T ] ) (45)
1
yk:Hmk:%(k—1)2T2,k21. (46)
With
[1—(a+B+~/4) T T?/2
Ap=| -B+/2)/T 1 T |, (47)
| /2T 0 1
[a+ B+ /4
K,= |(8+7/2)/T (48)
v/(2T?)

according to (20), the predicted state estimate (19) and the
innovations sequence impulse response (5) can be recur-
sively computed. Fig. 4 shows h, /T for some values of the
maneuvering index .

Thethird-order kinematic model with position and veloc-
ity measurements deviates from the state-space representa-
tion (38)-(41) with respect to the measurement matrix and
the covariance matrix of the measurement noise:

1 00 a2 0
R
The steady-state Kalman gain K € R**2 depends only on
the maneuvering indices

Ow

(49)

T2, =227

Os Oy

)\1 - (50)

and can be computed according to the invariant subspace
method (12)-(17). The state and measurement sequences
are given by

(51)
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Fig. 5. Innovations sequence impulse response of the

steady-state Kalman filter for athird-order kinematic model
with position and vel ocity measurements.

With A, and K, according to (20), the predicted state es-
timate &, and the impulse response

(53)

are completely determined. Fig. 5 depicts by x/T? and
hox/T for several values of the maneuvering indices
A1, A,

4 Adaptive Kalman filtering

For adaptive Kalman filtering, alikelihood ratio detector for
animpulseinput uy = c¢d,_x, can now be constructed as
acorrelation or matched filter detector which correlatesthe
innovations sequence s;, with a stored replica of the inno-
vations sequence impulse response hy,. Since the impulse
response is infinite, the stored replica has to be confined to
therange 0 < k < Ny. The choice of the matched filter
order Ny is critical since it determines the detector charac-
teristics, i.e., the detection probability Pp and the detection
delay. However, these dependencies will be investigated
separately, i.e., an upper bound for Pp will be determined
for Ny — oo and the degradation for finite Vo will be con-
sidered afterwards.

For a scalar-valued innovations sequence, the correlator
output is given by

k
Ty = E hn—k+Ny Sn
n:k—No

(54)

with
Sp = Chnfkg +én, (55)

where e,, denotes a white-noise process with the innova-



tions variance o2. Hence,

k
Ty = Z (C Pkt No Pn—ko + hn*k+NOen) (56)
n=k— Ny
No
_ Z(C Pk (ko No) + Bt No ) (57)
n=0
= C@Zﬁ(k0+N0) + 9026—% ’ (58)
where
hg _ Z hngn+k (59)

holds. Note that " denotes a deterministic correlation
sequence whereas ¢ ¢ denotes a stationary stochastic pro-
cess, i.e., afiltered version of e,,. Obviously, the determin-
istic part of r, i.e., the expected value

E[ry] = c‘pzﬁ(ko-i-No) (60)
assumes its maximum for k = kg + Ny, i.e.,
Hr = E[rk0+N0] = CENO ’ (61)
where
No
= |hnf (62)
n=0

holds. The stochastic part, gogg, has zero mean and variance
o7 = El(¢k;)*] = 03 Eny.- (63)

The unknown deterministicinput u, = ¢ dx_g, leadsto the
hypotheses

Hy:c=0, (64)
Hy:c#0. (65)
The corresponding likelihood ratio is given by
p(r|Hy)
A(r) = , 66
where
(r1Ha) = —s exp(—) )
= ——eX
p 0 202 p 202
_ 1 ( _Nr)
p(T|H1) - \/ﬁ exp( 20% ) (68)

holds. For agiven probability of falsealarm P, the thresh-
old n of thelikelihood ratio or Neyman-Pearson test

H,
InA(r) =2 1lnn (69)
Hy
is determined by
Pr = 2/ p(r|Hp) dr (70)

where

1) (71)

1
—(U%lnn+ >

||

ro =

holds[7].

These results for scalar-valued innovations sequences
can be immediately generalized for vector-valued inno-
vations sequences. The correlator output for an M-
dimensional innovations sequenceis given by

k Rin—k4+NyS1,n
- Z (72)

n=k—No | RM n—k+NoSM,n
with
, M),

Sm,n = Chm,nfkg + em,n, (m =12,.. (73)

where e, , denotes the m-th component of a zero-mean
white-noise process with the innovations covariance matrix
S. Hence,

hip— k+No(Ch1n ko T+ €1.n)

k
Ty = (74)
n=k—No | Rprn— L+N0(Cth ko + €M,n)
[ R, (€ P o k— (ko +No) T+ €1,n+k—No) ]
n=0 | har,n (€ hat g k= (ko +No) T €M ntk—Ny)
(75)
hihy hie
col (ko + Vo) +@rIN,
= ) (76)
hae
copM (ko+N0) + O Ny
where
phm I th wImmik, (m=1,2,... M) (77)

n=0

holds. The deterministic part of r; assumes its componen-
twise maximum for & = kg + N, i.€,,

Ei N,
w, = E[lrk0+N0] =c T ) (78)
Ev N,
where
No
Em,No = 908 fom = Z |hm,n|2 (79)
n=0

holds. The stochastic part of the correlator output has zero
mean and its covariance matrix

C,=En, o8 (80)

is given by the elementwise Hadamard product [8] of the
impulse response correl ation matrix

No
ENO = g [hm,nhm’,n]m,m’:l,Q,...,M

n=0

(81)
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Fig. 6: Receiver operating characteristic of the matched fil-
ter detector for the innovations sequence of the a-g-filter
for a second-order kinematic model with deterministic in-
put up = C(Sk,ko. Parameters. ¢ = 1,0, = 1, T =
]., No = OQ.

and the innovations covariance matrix S. Thus, the likeli-
hood ratio (66) is completely determined by the multivari-
ate Gaussian pdf’s

plrlt) = e expl(— 57O ') ©)
T o e T
p(T‘|H1) - \/me p( Q(T u’r) Cr (7« p”r‘)) .

(83)

For a given probability of false alarm P, the threshold 7
of the likelihood ratio test (69) is determined by [7]

Pr= [ pAm) dA. (84)
n

5 Receiver operating characteristics

The receiver operating characteristic of the matched fil-
ter detector for the innovations sequence of the a-g-filter
with deterministic input u, = cdx_r, and parameters
c=10, =1,T = 1, Ny = oo is shown in Fig. 6.
For small maneuvering indices A the detection probability
Pp iscloseto 1 for all chosen false alarm probabilities Pr.
For increasing A the detection probability Pp decreasesand
converges asymptotically to Py since the innovations vari-
ance o2 = 02/(1 — a) goes to infinity for A — oo. The
receiver operating characteristics of the matched filter de-
tectors for the innovations sequence of the a-g-filter and
the a-3-v-filter for Ny finiteand Pr = 0.1 are depicted in
Fig. 7 and Fig. 8, respectively. For small filter orders N
the detection probability is significantly lower than in the
asymptotic case Ny — oco. However, for sufficiently small
maneuver indices A < 1, the detection probability Pp is
closeto 1 even for small matched filter orders Ny.

Pp —
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Fig. 7: Receiver operating characteristic of the matched fil-
ter detector of order IV, for the innovations sequence of the
a-f-filter for a second-order kinematic model with deter-
ministic input ux, = ¢d_x,. Parameters; ¢ = 1, 0, =
1,T=1, Pp=0.1.

6 Simulation results

In this section the performance of the proposed matched
filter processing of the innovations sequence will be in-
vestigated. A maneuvering target with third-order kine-
matic model according to section 3.2 with 7 = 0.1 and
R = 02 = lisconsidered. Theinitia state and the deter-
ministic input are chosen to

zo=1[s0 w ao] =[25 0 0]  (85)

and

Up = 20k—20 —20k—40 — 40r—60 +40x—70, (86)

i.e., the maneuver or nonzero target acceleration intervals
are given by

(87)

The matched filter processing of the innovations sequence
is employed for adaptive state estimation using M = 2
steady-state («-3-v) filters with appropriately chosen ma-
neuver indices A, ». Thefirst filter F; ischosento achievea
predetermined stationary position estimation error variance
o? = ()%, i.e, anoisereduction factor of 4:

2

o = % =0.6250- 107", (83)
B =2(2-a1)—4v/1— a1 =0.2017-10"%, (89)
2
=L — 06507107, (90)
Qa1
A= —LL =03360-107", (91)
2\/ 1-— (651
Ao, - -
02 = ( }Z )2 =0.1129-10"* ~ 1075 (92)
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Fig. 8: Receiver operating characteristic of the matched fil-
ter detector of order IV for the innovations sequence of the
a-fB-~-filter for a third-order kinematic model with deter-
ministic input vy, = ¢dr_x,. Parameters. ¢ = 1, 0, =
1,T=1, Pp=0.1.

The process noise of the second filter F» ischosento o, =
10 0.,, in order to achieve a sufficient maneuver tracking
performance. Hence, the parameters of the second steady-
statefilter are given by

o2, =(100,,)>=10"", (93)

No = 28272 — 031621073, (94)
Oy

as =0.1274 (95)

By =0.8675-10"2, (96)

2 = 0.5908 - 1072 . (97)

A simple multiple model maneuvering target tracking fil-
ter can now be constructed based on matched filtering of
the innovations sequences of the steady-state filters F; and
F». The multiple model filter is initialized with mode F .
For mode switching between F; and F3, the innovations
sequence is filtered with the corresponding matched filter
according to section 3.2 and the likelihood ratio test (69) is
employed. The matched filter order N can be determined
based on the receiver operating characteristic depicted in
Fig. 8. For false alarm probability Pr = 0.1, determinis-
tic inputswith ¢ > 1, i.e, a > 1, and maneuver indices
A1 < Ay < 1073, the detection probability Pp is close to
1 for No > 5. Hence, for minimum detection delay, the
matched filter order is chosento Ny = 5. The likelihood
ratio test threshold o = 1.645 o, according to (71) is de-
termined by P using equation (70). The variance o2 of
the correlator output is given by o2 = o2 E)y, according to
(63).

The proposed adaptive tracking filter is compared to the
interacting multiple model (IMM) filter. The Kalman filter
kernels of the IMM filter are chosen according the third-
order kinematic model of section 3.2 with the same levels
of process noise as the steady-statefilters F; ». The Markov
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Fig. 9: RM S position errors averaged over 100 runsfor the
proposed adaptive tracking filter (solid line) and the IMM
filter (dashed line) with M = 2 models.

chain transition matrix is chosen to

0.95 0.05
lpis] = [0.05 0.95} 8)
and the initial mode probabilities are chosen to
p1(0) = 0.95, p»(0) = 0.05. (99)

The root mean square (RMS) position estimation errors
for the proposed adaptive tracking filter and the IMM filter
areshowninFig. 9. Theresults are averaged over 100 runs.
During the nonmaneuvering periods the required noise re-
duction factor of 4 corresponding to an RMS level of 0.25
is approximately achieved for both adaptive tracking fil-
ters. The RMS levels during maneuvering periods are a so
close to each other. Hence, the performance of the pro-
posed adaptive tracking filter based on matched filtering of
the innovations sequence is close to the IMM filter. More-
over, the computational requirements of the proposed adap-
tive tracking filter are low since steady-state filter kernels
are employed and explicit calculations of mode likelihood
functions are not required.

7 Summary and conclusions

An adaptive tracking filter for maneuvering targets based
on matched filtering of the innovations sequence is devel-
oped. The approach provides a general maneuver detec-
tion method which can be combined with severa exist-
ing target tracking algorithms. The innovations sequence
impulse response for a general discrete-time dynamic sys-
tem is constructed based on the invariant subspace method
which provides a nonrecursive algebraic solution for the
nonlinear discrete-time Riccati equation. Analytical solu-
tions for second-order and third-order kinematic models
with position and also position and vel ocity measurements
are derived. For adaptive Kalman filtering, a likelihood ra-
tio detector based on matched filtering of the innovations



sequence is developed. The asymptotic and finite-memory
receiver operating characteristics are deduced. Simulation
results reveal that the performance of the proposed adap-
tive tracking filter is close to the IMM filter. The computa-
tional requirements of the proposed adaptive tracking filter
are low since steady-state filter kernels are employed and
explicit calculations of mode likelihood functions are not
required.
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