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Abstract – Cramér-Rao lower bounds (CRLBs) for aircraft
track estimates using an array of hydrophones are presented.
Tracking using both bearing and Doppler frequency measure-
ments and in a two layer (air-sea) acoustic environment are con-
sidered. The CRLBs for both bearing and Doppler frequency es-
timation are employed in the tracking CRLBs derivation. The
CRLBs provide useful theoretic performance limits that capture
the problem complexity and are independent of any particular al-
gorithm. The CRLB gives the lower bound on errors of the es-
timated tracking parameters, such as the aircraft’s location and
velocities. The bounds also can be used to investigate how the
system performance varies with typical design parameters, such
as number of receivers, the operating frequency and the aircraft
flight path relative to the array and the SNR of the received signal.

Keywords: Cramér-Rao lower bounds, target tracking,nonlinear
filter, hydrophone array, bearing and Doppler frequency measure-
ments

1. INTRODUCTION

Sonar tracking with both bearing and Doppler measure-
ments has received some attention in the literature, how-
ever most research has considered the acoustic source to be
in the same plane as the sensor array, so the target tracking
is pursued in two-dimensions. Here we consider the case
where the source is at a different height and in a different
physical medium to the sensor array. Aircraft tracking us-
ing an undersea hydrophone array [2, 8] is an example of
such a challenging problem since there are two media, i.e.,
the acoustic energy radiated by a moving aircraft is trans-
mitted through the atmosphere, across the air-water inter-
face and then through the water before received by the hy-
drophone array.

The paper is organized into seven sections. Section 2
introduces the posterior Cramér-Rao Lower Bounds for tar-
get state estimation and the state space model used. In most
cases of practical interest, the coordinates and velocity of
the air-sea intercept point can be used to approximate the
state vector of the aircraft. This approximation is derived
in Section 3. In Section 4 the problem of obtaining generic
expressions for the bearing and Doppler measurements is
addressed by using CRLBs of the bearing and frequency
estimates. Section 5 derives the CRLBs of two propagation
media by considering a Jacobian parameter transformation
in three-dimensions. Section 6 presents the comparison of

the EKF performance with the new CRLBs to verify the
bounds. Conclusions are given in Section 7.

In this paper it is assumed that each of the two layers is
isotropic; bearing and frequency measurements are uncor-
related; there are no measurement biases for both bearing
and frequency; the target speed is less than sound speed;
the probability of detection

�������
i.e., there are no false

alarms nor missed detections
���
	���

; there are � sensors
used in an array; the array is linear and so only provides
an estimate of the cone angle of arrival; the source emits a
single stable frequency.

2. CRAMÉR-RAO BOUNDS FOR TARGET STATE
ESTIMATION

Assume at time ��� , the target is located at coordinates��� ��������������� and moves with a nearly constant velocity vec-
tor

���! 
" � �$#%" � . Consider the following linear dynamical sys-
tem, & �('*) �,+ & �.-0/1� (1)

where
& � �32 � � �$ 4" ��� �$#%"6587

is the target state at time9
, and : / ��; is a vector white noise sequence. Since nei-

ther bearing nor Doppler frequency can efficiently measure
changes in the � direction, the aircraft altitude is not in-
cluded in the state vector and is assumed to be a known
constant.

Assuming the target flies with a nearly constant velocity
(CV),

+
is given by [1]
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and the process noise, /G� , has covariance
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where
@

is the sampling interval
@ � ���%' ) � ��� and

I
is

the power spectral density of the corresponding continuous
time process noise [1, Section 6.2.2].

At time
9

, the array outputs are processed in both the spa-
tial and temporal domains to give estimates (measurements)
of the arrival direction and frequency of a narrowband sig-
nal emitted by the aircraft. Typical processing would be
spectrum analysis and beamforming however, detailed dis-
cussion of these is beyond the scope of the paper. Thus at
the time ��� , the measurement vector is

� � �32 � �����$� 587 plus
random noise. The bearing,

� � , is the cone angle at which
plane wave energy from the aircraft is incident upon the
array and � � is the Doppler shifted frequency of the plane
wave. The estimation error for each component is discussed
in Section 4.

We seek the CRLB for unbiased estimators �& � of the tar-
get state

& � , given the available sensor measurements,

: � )4� � R ���	��� � � ��;
The posterior Cramér-Rao bounds for target state estima-

tion were derived by Tichavsky et al [9] and the following
Riccati-like recursion gives the sequence of Fisher Infor-
mation Matrices, 
�� , for the linear dynamical system the
unbiased estimation of

& � [3]:


 �%'*) ��� H � - + � 
� )� + 7���  ) - 
�� "���� (4)

The matrix 
 � "���� incorporates the dependency of the
CRLB on the measurement model and is discussed in Sec-
tion 4. The recursion in Eqn (4) requires an initial FIM, 
�� ,
which is based on the prior distribution of the target state� � & � � . If the prior distribution is Gaussian with covariance� � , then 
 � � �  )� .

3. AIR-SEA INTERCEPT POINT

In this paper the time-varying bearing and Doppler fre-
quency obtained from the outputs of a linear array of hy-
drophones are considered for target motion in the three di-
mensional plane. Assume that a sensor array is located at
the origin of the coordinates, is linear along the � -axis and
is at � m depth in the sea as illustrated in Fig. 1.

3.1. Target position and air-sea intercept point

Sound waves are emitted from the aircraft and refracted
at the air-sea interface. The incident wavefront is picked
up by each of the hydrophones in the array and are coher-
ently processed to compute the time-varying bearing and
Doppler frequency of the signal. Since the array measures
both bearing and Doppler frequency of the air-sea inter-
cept point, the locus and the velocity of the air-sea inter-
cept point are crucial in deriving the bounds. There is no
guarantee that an aircraft moving at a constant velocity will
result in an intercept point doing the same. Here we inves-
tigate the relationship between the trajectory and velocity
of the aircraft and the trajectory and velocity of the air-sea
intercept point. For the immediate problem of interest the
state is the intercept point and its velocity components i.e.,&�� � � 2 � � � �$ �� " � � � �$#�� "
5

. However, since the problem

is formulated in terms of the aircraft positions and veloci-
ties it becomes necessary to relate the velocity and locus of
the aircraft trajectory to those of the intercept point.
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Fig. 1. 3D Geometry of source and sensors

To find the relationship between the target state2 � ��� �$ 4" ������� �$#%"65 and the state of the air-sea intercept point2 � � � � �  	� " ��� � � � � #�� " 5 , the geometry of the source and the ar-
ray need be considered. This is illustrated in Figs. 1 and 2.
For simplicity, the time index

9
has been dropped.
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Fig. 2. Cross section

From Fig. 2 we have

+�,.- ( 	 � / �0 1 R - / � R �
+�,2- ( ) � 3 �4 3 R� - � R �

where

( 	
and

(
) are the incident angles with respect to the

normal as indicated in Figs. 1 and 2; 3 � is the range in the
horizontal plane of the intercept point from the array; 3 	 is
the target range in the horizontal plane.

From Snell’s Law,+�,2- ( 	+�,2- ( ) �65 	5 ) �87 �
where

7
is the ratio of the refractive indexes, 5 	 is the speed

of the sound in air and 5 ) is the speed of the sound in the
sea.

Thus we have / �0 1 R - / � R �97 3 �4 3 R� - � R



Substituting / � � 3 	 � 3 �
in the above equation gives� 3 	 � 3 � � R � 3 R� - � R � �97 R 3 R��� 1 R - � 3 	 � 3 � � R��
Re-arranging the above equation we obtain the following
polynomial equation,� � � 7 R � 3��� ��� � � � 7 R � 3 	 3 O�- � � R � 1 R 7 R - � � � 7 R � 3 R	 � 3 R� ��� � R 3 	 3 �- 3 R	 � R �,� (5)

for 3 � .
Whilst it is difficult to solve Eqn (5) analytically, a nu-

merical solution (by Matlab) is feasible, and is plotted in
Fig. 3 together with 3 	 . We assume that the fixed param-
eters are: altitude

1
is 200 m, array depth � is 100 m, the

aircraft flies along a straight line parallel to the array for
200 seconds at constant velocity 165 m/sec toward the ar-
ray location.

Figure 3 also shows the solution for 3 � as a function
of � position when the aircraft flies at a constant velocity� � � � �
	�� � m/s along the � -axis. Figure 4 plots the differ-
ence between 3 	 " and 3 � " as a function of � position of
the aircraft.
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Fig. 3. Numerical solution for 3 �
Figure 4 reveals that the difference between 3 	 and 3 �

is nearly constant for a fixed
1

. If the altitude
1 � � �!��

the difference is about 46 meters. At the closest point of
approach (CPA) 3 � is slightly closer to 3 	 . Therefore, we
conjecture that the radiated sound enters the air-sea inter-
face with almost vertical angle, i.e.,

( 	�� �
[2], the tra-

jectories of the target and the air-sea interface are approxi-
mately parallel with the only difference being the altitude

1
in the � direction.

To obtain the analytical relationships between the target
state and the interface state the following approximation is
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Fig. 4. True difference between 3 	 and 3 �
made. From � ABC,

� � � / �+�,.- ( ) � 1���� - ( 	+�,2- ( )� 1 +�,2- ( 	+�,.- ( )���� +
( 	 � 1 7

(6)

since

( 	 � �
.

When the target is far away in range from the array
� �

is approximately equal to / � . So

3 	 � 3 � � / � � 1 7 � (7)

indicating that the difference between 3 	 and 3 � is the
function of the target altitude

1
and

7
only.

From Fig.1 we have

3 R	 � � R - � R � 3 R� � � R� - � R�
Thus � � R� - � R� � 4 �QR - � R � 1 7

(8)
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Fig. 5. True 3 � and its approximation



Figure 5 shows that the approximation of 3 � Eqn (8) is
very close to the true value of 3 � . The difference between
the true 3 � and its approximation is less than 1.22 m with
slight nonlinear around the CPA. As

�
increases the differ-

ence approaches to constant value.
However, from Fig.1 we also have�� � � �� � � � � � � � �� (9)

then

� � � ��� �QR - � R ��� 1 7 4 �NR - � R - 1 R 7 R�QR - � R (10)

and

� � � � � �QR - � R ��� 1 7 4 �NR - � R - 1 R 7 R�QR - � R (11)

Differentiating Eqns (10) and (11) with respect to time,
we obtain the velocity of the air-sea interface:

� � ��!� ��� � �� � � ���� - � � �� � �!������� ��!� � � � �� � � ��!� - � � �� � �!����
Maple

L��
V was employed to carry out the following

calculation.

�$ � � � � - � � R � R � 1 7 � R 4 3 R	� 3 R	 ��� 1 7 4 3 R	 - 1 R 7 R 3 O	
�$ 

- � R 1 R 7 R ��� 1 7 � R 4 3 R	 - � �� 3 R	 ��� 1 7 4 3 R	 - 1 R 7 R 3 O	
�$ 

- � � 1 7 � 3 R	 � 1 7 4 3 R	 �� 3 R	 ��� 1�� 4 3 R	 - 1QR 7 R 3 �	
� #

(12)

� # � � � � - � � R � R ��� 1 7 � R 4 3 R	� 3 R	 ��� 1 7 4 3 R	 - 1 R 7 R 3 O	
� #

- � R 1 R 7 R � 1 7 � R 4 3 R	 - � �� 3 R	 ��� 1 7 4 3 R	 - 1 R 7 R 3 O	
�$#

- � � 1 7 � 3 R	 � 1 7 4 3 R	 �� 3 R	 ��� 1 7 4 3 R	 - 1 R 7 R 3 � 	
�$ 

(13)

Figure 7 shows the velocity of the air-sea intercept point
with the different

�
.

The air-sea interface trajectory and velocity are functions
of the target state

2 � ��� �$ 
" ������� �$# "65 , the target altitude
1

and
the refractive index

7
. Figure 6 shows a comparison of the

trajectories of the target and the air-sea interface at the ini-
tial points at

�	� � �
	 � � � km,
� � � �
	 � � � km and

� �
� � �
	 � � � km
with a constant velocity of (0,-165) m/s.
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The plots reveal that both the locus of the intercept point

and the velocity of the intercept point are approximately
equal to the locus and velocity of the target respectively in
horizontal plane except around the CPA.
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As the plots indicate, around CPA, approximation errors
of up to a maximum of 1-2 meters in position and 1-3 me-
ters/sec in speeds occur. These will give rise to slight de-
viations from the constant speed state model assumed for
the intercept point. However such deviations can easily be
tracked by using a suitable level of process noise. Thus for
all of the aircraft’s trajectory its state can be well approx-
imated by that of the air-sea intercept point moving at a
constant � speed.

4. DERIVATION OF FIM

Since the velocity of the air-sea intercept point is approxi-
mately constant the CV dynamical model can be applied.

The dynamical state is



& � � � 2 � � � �  	� " � � � � #�� " 5 7
(14)

and can be expressed as a linear state model,& ��� �%'*)�� � + &�� � - / � � (15)

where / � � is process noise vector with zero mean white
Gaussian noise and covariance given by Eqn (3).

The target state is measured indirectly through the state
of the air-sea intercept point. The measurement at the air-
sea interface can be described by� � ��� � & � � -�� �
where

� � is the measurement matrix and � � is a random
noise vector representing measurement noise.

At time
9

the observer simultaneously measures the bear-
ing

� � and the Doppler frequency ��� of the incident narrow-
band signal. Since the bearing is processed in temporal do-
main and Doppler frequency in frequency domain these two
measurements can be assumed as decorrelated. From [3]
the part of the measurement related FIM (Eqn (4) is given
by


 � " � �� R	 
 �� � � �� & ��� 7 � � � �� & ����� - �� R��� 
 ��� � �$�� & ��� 7 � � �$�� & �����
(16)

where the expectation is now over the process noise.
For both bearing and Doppler frequency the actual pro-

cessing algorithms, i.e., beamforming and spectrum anal-
ysis, that are used to obtain the bearing and Doppler fre-
quency estimates from the hydrophone outputs are not con-
sidered 1. Rather it is assumed that the estimates are equal
to the true values plus additive measurement noise. This
approach, while producing a coarser understanding of sys-
tem behavior has the advantage of not needing the specifi-
cation of the exact algorithm used in the estimation process.
However, it is important to be able to trace back the values
used for the measurement noise powers to actual physical
quantities like SNR, the number of receivers, the frequency
resolution etc. To do this without considering the speci-
fication of the estimation algorithm presented a problem -
this was overcome by using expressions for the variances
derived from the CRLB for bearing and Doppler frequency
estimates. The given results are “estimation algorithm” in-
dependent but are optimistic in these sense that they use
lower bounds.

The CRLB for the intercept point is calculated using Eqn
(4) and the key term to consider is 
�� " . Again reference
[3], see Eqn (16), allows 
�� " to be evaluated using an ex-
pectation over process noise and the key quantities to be
estimated are � 	 "��� " and � � "��� " .

1As an example the bearing of a narrowband source could be
estimated by using narrowband beam powers and either picking
the bearing as the direction of the beam with maximum power or
by using the two beams either side of it and a quadratic interpola-
tion algorithm. The statistics of these two estimates will be quite
different.

As discussed in [7, 3] it is usually not possible to evaluate
Eqn (16) analytically and it is evaluated by Monte Carlo
simulation.

4.1. Bearing; Linearisation and Estimation Noise

Using 3D geometry it can be shown that
�

, the cone angle,
is given by the following, where again the time index

9
is

omitted for convenience,

� � ��� � � � - 4 � R� - � R� � (17)

Thus � �� � � � � � � �4 � R� - � R���� R� - � R� - � R � (18)

� �� � � � � 4 � R� - � R� R� - � R� - � R (19)

and � �� �$ � �,� � � �� �$# � �� �
Therefore,� �� & � �

�  � # �0  P� ' � P �  P� ' # P� ' � P � � � 0  P� ' � P P� ' # P� ' � P � � 7
From [4], for a linear array of � equispaced sensors the

CRLB for the variance of the bearing errors is given by� R�����! ' � � �"�# R �$&%(' �*)+ � R +�,.- R �-, (20)

where . is the length of the array, / � 510 � � is the wave-
length of the propagating plane wave, SNR is the signal to
noise ratio at a single receiver and

� � is the time-varying
cone angle. The benefit of using this expression is that it
allows the performance to be evaluated as a function of typ-
ical sonar engineering design parameters.

4.2. Doppler Shift; Linearisation and Estimation Noise

Consider a signal emitted from the air-sea interface at time��2 and received by the array at time � . Thus we have

� � � 2�- 3 ) � � 2 �5 ) (21)

where 3 ) � � 2 � is the distance between the array phase cen-
ter and the air-sea interface point at time � 2 . The phase of
the received signal at time � is given by354 � ��� � � # � � ��2
and hence the Doppler shifted frequency at sampled time � �
is given by

� � � � � � ���$� � � � ����2�!�76 8:9�8 "� � �<; � � �
5 ) � 3 )

� ��2(���� 6 8:9�8 ">=



However 3 ) � ��2(� is related to the state variables by

3 ) � � 2 � � � � R� � � 2 � - � R� � � 2 � - � R
and � 3 ) � ��2(���� 6 8:9�8 " � � � � �$ �� " - � � � �$#�� "4 � R� � - � R� � - � R

Thus, at the air-water interface,

� � � � � ��� � � � � � �  � " - � � � � # � "5 ) 4 � R� � - � R� � - � R�� (22)

The linearisation of the Doppler frequency measurement
matrix was undertaken by using mathematical tool, Maple� L�� . Maple calculations (dropping the time index

9
for

simplicity of notation) gives

� � �� � � � � � 2 � �$ � � � R� - � R � - �$# � � � � � 55 ) 4 � � R� - � R� - � R � O (23)

� � �� � � � � � 2 �$ � � � � � � �$# � ��� R� - � R � 55 ) 4 ��� R� - � R� - � R � O (24)

� � �� �$ � � � � � � �5 ) 4 � R� - � R� - � R (25)

� � �� �$# � � � � � � �5 ) 4 � R� - � R� - � R (26)

Then,

� � �� & � � � � � 2 � �  � � � R� - � R � - � # � � � � � 55 ) 3 O) � � � � �5 ) 3 )
� � 2 �$ � � � � � � �$# � ��� R� - � R � 55 ) 3 O) � � �6� �5 ) 3 )�� (27)

From Rife and Boorstyn [6], an expression for the CRLB
of the variance of frequency errors is given by� R�����! �� � � 	"�# R � � � R � � ��$&% ' (28)

where the SNR is the signal to noise ratio prior to any
Fourier transforms.

5. CRLBS FOR TWO LAYERS

Once the CRLBs for the air-water interface are determined,
they can be extended to the two layer case by using a Jaco-
bian parameter transformation. From the previous sections,
we have deduced the relationship between the air-water in-
terface location

��� � � ��� � ��� , velocity (
�! � � �$# � ) and the target

location
��� �������$� , velocity (

�! � �$# ). Now the transformation
of Jacobian parameters formula can be applied [4].

5.1. Jacobian Parameter Transformation

For simplicity, we assume that the aircraft constantly flies
at
1

m altitude. Then the aircraft state estimate vector is 4
elements, & � � 2 � � �  
" � � � #%" 5 7

(29)

where
� � ����� � � 1 � is the aircraft position and

�! 4" � �$#%" are its
speeds.

The Jacobian parameter transformation is given by

� & �� & � � �
=>>>>>>
?
�  "�  	� " �  "�
	�� � " �  "� # � " �  "�
	� � "��	 � "�  �� " ��	 � "�
	�� � " ��	 � "� # � " ��	 � "�
	� � "� #%"�  � " � #%"�
	 � � " � #%"� # � " � #%"�
	  � "��	� "�  �� " ��	� "�
	 � � " ��	� "� #�� " ��	� "�
	  � "

CEDDDDDD
F (30)

From Eqns (8) and (9), dropping the time index
9

for
simplicity of notation, we obtain

� � � � � ��� R -�� � R - � 1 7 4 ��� R -�� � R - 1 R 7 R� R� - � � R (31)

and

� � � � � � � R -�� � R - � 1 7 4 � � R -�� � R - 1 R 7 R� R� - � � R (32)

The detailed calculation of �  4"�  � " � �  4"� # � " � � # "�  � ��� # "� # � " ���
� 5 can
be found in [5]. � �� �  � � � � � �� � # � � �

Therefore �
��� � 2 �& � 5 �2� ��� � � & �� & � � � R�2� 
� )� �.�

5.2. Evaluating CRLBs

Based on Eqn (4) and the Jacobian parameter transforma-
tion Eqn (30) the CRLBs of the target states for several sce-
narios were calculated by Monte Carlo simulation.

The array is present at (0,0,0) and aligned along the y-
axis. The fixed parameters are: altitude

1
is 200 m, ar-

ray depth � is 100 m. We assume the aircraft flies along a
straight line parallel to the array for 200 seconds at nearly
constant velocity 165 m/sec and the sampling rate is 1 sam-
ple per second. Independent white Gaussian noise is added
to the x and y components of the aircraft’s position with
process noise

I � � � � . The signal to noise ratios for the
bearing and the Doppler frequency measurements are as-
sumed to be 10 dB. � 4 � � � km and � 	 � � ��� m/s are
used in initializing 
 � . The initial state of the target is2 � �!�!� � � � �
	 �$��� � � � 	 � 5 .

Figure 8 shows the calculation results. The red solid line
(over written by the blue dashed line) is the CRLBs for the
air-sea interface (one layer) and the blue dashed line is the
CRLBs for the target (two layers).
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Fig. 8. CRLBs for array tracking with q=0.1 and the various
measurement SNR

Figure 8 shows that the target estimation errors are less
than 3 m in the y direction and 10 m in the x direction when
the measurement environment SNR=10 dB. For the target
velocity

� �  � � # � the accuracy that can be achieved is about
1 meter per second. The air-sea interface results for -10
dB were also calculated have not been presented for figure
clarity.
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(Zoomed Figure)

There is little difference between the one layer CRLBs
and the two layer CRLBs. The zoomed plot Fig.9 shows
that there is less than 0.2 m difference between them with
the one layer CRLBs being less than the two layer’s as ex-
pected.

Since the radiated sound enters the air-sea interface with
almost vertical angle, the range of the intermediate point
and the velocity of the intermediate point are approximately
equal to that of the target in horizontal plane (see Fig. 7)
with the only difference of altitude

1
in the 3D domain, we

conjecture that the target CRLB in horizontal plane is close

to that of the air-sea intercept point. Several scenarios have
been investigated and agree with the above surmise. The
difference between the one layer bound and the two layer
bound is less than 1 meter. Therefore, the CRLB of the air-
sea intercept point can serve as a useful approximation of
the target CRLB, as it is much easier to derive.

6. VERIFICATION OF THE NEW BOUNDS

The extended Kalman filter (EKF) was employed to verify
the new bounds.

Section 3.1 has drawn an important conclusion that the
trajectory of the intercept point and the velocity of the in-
tercept point are approximately equal to the range and ve-
locity of the target respectively in horizontal plane, i.e.,
the dynamic state

& � � 2 � ��� �$ 
" ����� � �$#%"6587 of the target is
approximately equal to that of the air-sea intercept point& � � � 2 � � ��� �$ �� " ��� � ��� �$#�� "65 7 . Therefore, the target state

& �
substitutes for the state of the air-sea intercept point

& � �
in the measurement related calculation throughout the EKF
procedure, which simplifies the computation significantly.
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Fig. 10. EKF Performance with � 	 � � � � � � � �
Hz

Figure 10 shows that the EKF performance when the
process noise

I3� � � � and the measurement errors are� 	 � � � � � � � �
Hz. The trajectory starts at

& � �2 � �!�!� � �
	 �$��� � � 	�� 5 7
and the process noise is mod-

eled as white Gaussian with standard deviation �  � � # �
� � m. The initial state for the tracker is �& � � 2 & � � � � -�6�!��� & � � � � - �6� & � �	� � - �6���!� & � � " � - �6� 5 7

. There
are 10,000 runs in the simulation. The CRLBs of the same
scenario are also plotted in the figure. The simulation re-
sults show the EKF performance is lower bounded by the
CRLBs.

7. CONCLUSION

The paper has derived the Cramér-Rao lower bounds for
tracking an aircraft flying at constant altitude and velocity
past a linear array of hydrophones using the time-varying
bearing angle and Doppler frequency as measurements. An
assumption of known source frequency has been made.



This study has revealed an important finding that the
range of the trajectory of the intercept point and the ve-
locity of the intercept point are approximately equal to the
range and velocity of the aircraft respectively in the hori-
zontal plane. Therefore, using the air-sea interface state in
an EFK provides a solution, which is a good estimate of
the aircraft trajectory, and as a result the computation of the
EKF tracker is simplified significantly.

The new bounds show that the CRLBs (standard devia-
tion) of the air-sea intercept point are only about 0.5 meter
different than that of the aircraft (two layers). The Monte
Carlo simulation results have verified the new bounds and
show the tracker performs reasonably well.
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